Original Equipment Manufacturers (OEMs) manage products returned shortly after sale by either dismantling them or refurbishing and reselling them. These refurbished products technically perform as well as new products that are currently in the market. Therefore, introducing refurbished products can cannibalize new product demand. In this paper, we study how to maximize total profit by setting the price and the proportion of returned products to be refurbished in different scenarios. We model the manufacture, sale, return, refurbishment and resale processes in a general open queueing network. The results show how the optimal policy is affected by different factors such as the consumer willingness to pay for refurbished products, the variability in the refurbishing time, the ability to sort returns, and the number of times products can be refurbished.
Introduction
Approximately 5 to 35 percent of products are returned to the original equipment manufacturer (OEM) shortly after sale (Toktay 2003) . Reasons for returns include customer dissatisfaction or remorse, defects covered by warranties, or end of lease (Silva, 2004) . The value of these returns is considerable because they have substantial useful life remaining. Most of them have been used only lightly and still preserve most features of brand new products.
Therefore, OEMs face the problem of how to redeem the cost or make as much profit as possible from returned products.
Refurbishment is the recovery process to bring used products back to a specific quality for resale. By definition, refurbished products do not enjoy the same perceived quality by consumers as new products do. Although refurbished products function as well as new products, their pre-owned status diminishes their perceived quality as measured by the consumer's willingness to pay for them. Introducing refurbished products to the market might increase revenue to OEMs more than dismantling and selling them in parts. However, it can also cannibalize the demand for new products because consumer have the choice to buy either new or refurbished products (see previous market segmentation papers by Debo et. al (2005) and Ferguson and Toktay (2006) ). Pricing is the key. The price of refurbished products should be placed low enough to draw potential consumers but not lower than the point where most consumers in the market would buy refurbished instead of new products. On the other hand, the price must be set sufficiently high so that refurbishing is a profitable strategy. While the demand of refurbished products can be controlled by price, the supply is decided by the proportion of returns to be refurbished. These two variables should be carefully decided together to avoid excess inventories and customer dissatisfaction due to deficient supply.
Although many queueing networks have been used in the reverse logistics literature, few are found in the market segmentation area. Vorasayan and Ryan (2006) develop an open queueing network with exponential service times to simultaneously find the optimal price and quantity of refurbished products in different scenarios. Their results show that the optimal price and quantity of refurbished products are affected significantly by parameters such as the quality of refurbished products, cost of refurbishing, the price and back order cost of new products.
The objective of this paper is to find the optimal proportion of returned products to refurbish and their selling price by utilizing a general open queueing network model that allows for non-exponential service times, sorting and prioritizing returns for refurbishment and incorporation of a limit on the number of times an item may be refurbished. The queueing model allows us to correlate sales and returns by including market segmentation of products together with their supply chains. It permits the accounting of costs associated with the refurbishing policy throughout the system including transportation, handling and holding inventories of rapidly depreciating products. Unlike the previous market segmentation literature, our model includes variability in the times during which products are manufactured, refurbished, stored in inventory and used by consumers. Moreover, it allows any restriction on the number of times an item can be refurbished rather than limited to once (Debo et. al 2005) or unlimited (Toktay et al. 2000 , Souza et al. 2005 , Vorasayan and Ryan 2006 . For example, products such as digital cameras have a certain maximum number of times they can be remanufactured (Majumder and Groenevelt, 2001) . The optimal quantity of refurbished products can be any proportion of returned products, not limited to none or all of the items. We show how the optimal price and quantity of refurbished products are affected by several factors in the system. The model is purposely developed for OEMs who assemble products to order and refurbish products to stock (Guide 2000 and Guide et al. 2003) . These OEMs include automotive and computer manufacturers. Computer manufacturers, e.g., Dell and Gateway, assemble new desktop and laptop computers when specific orders arrive to satisfy consumers' individual preferences. Returned products, on the other hand, are either dismantled or refurbished and placed in a warehouse, ready to ship immediately when demand arrives.
The remainder of this research is organized as follows: Section 2 provides the mathematical model and Section 3 shows numerical examples that illustrate the implementation of the model and its results. Section 4 concludes with a description of future work.
Model Formulations and Optimality Conditions
We use a queueing network to simulate the closed-loop supply chain. The external arrival rate to the network is triggered by the demand for new products while the demand for refurbished products performs as one of the station in the network. The price of refurbished products controls the demand while the proportion to be refurbished determines the supply. This section explains the demand function, the queueing network model and the optimality conditions for the decision variables in detail.
The demand function
We consider a market in which consumers have declared interest in a specific brand and model of product but are still deciding whether to buy either new or refurbished or none at all.
There are two types of demand in the system: new and refurbished. These demands are interdependent as they are functions of the price of new products ( new P ), the price of refurbished products ( ref P ), and the perceived quality of refurbished products (δ ). These values are scaled to range from 0 to 1. The perceived quality includes many attributes such as technical specification, warranty period and physical appearance. The market size of consumers in a given study period is also normalized to one. The consumer's valuation or willingness to pay is directly proportional to the quality. Assuming a consumer is willing to pay υ for new products, then she or he is willing to pay δυ for a refurbished product. When both new and refurbished products are present, the consumer with valuation υ will buy a new product if that gives him the higher surplus, which is the difference between his valuation and the price of each product, i.e., if Vorasayan and Ryan (2006) .
The queueing network model
The lowest tier of the supply chain including refurbishing is formulated as a queueing network model (Figure 1 ). We assume that products are manufactured, evaluated, refurbished and sold one at a time. Therefore, each station except station 2 is considered to have a single server. Station 2 is represented as an infinite-server station because the make-to-order policy guarantees that all new products produced will be used immediately by the consumers who order them. We use the word "job" as a general term to represent entities flowing in the queueing network. Jobs at station 1 are orders waiting to be processed. Jobs at stations 2, 3, 4, 5 are finished products which can be new, returned or refurbished products.
Jobs are categorized into different types according to their routings and the number of times they have been returned. Let η be the maximum number of times that a product can be refurbished and resold to consumers. When η = 0, the system is the forward supply chain that from station 3 to 4 will be evaluated and further classified into θ grades, similarly to studies by Souza et al. (2001) and Guide et al. (2003) . We denote jobs of type l and grade r as jobs of class (l, r). The model is a multiple-class general open queueing network. We base our performance evaluation on the parametric-decomposition method for multiple-class GI/G/m open queueing network developed similarly by Buzacott and Shantikumar (1993) , Segal and Whitt (1989) , Whitt (1994) , and Bitran and Morabito (1996) . The comparison of the approximations with simulation can be found in Bitran and Tirupati (1988) and Whitt (1994) . 
Products that have been returned for the l th time from consumers and are sent to be dismantled
Products that have been returned for the l th time from consumers that are sent to be refurbished for the l th time.
The parametric-decomposition method evaluates each station i individually as a stochastically independent GI/G/m system by the set of parameters 
The expected waiting time of aggregate jobs in each station can be approximated by
, where 
. The approximation formula proposed by Buzacott and Shanthikumar (1993) for the Shortest Expected Processing Time protocol (SEPT) is , l = 1,…, η , r = 1,…, θ for grade-type priority. A higher number of decision variables introduces more complexity to the optimization model. We reduce the complexity of the problem by optimizing only a single subproblem at a time.
Considering the grade-type priority policy where OEMs consider both grades and return histories to decide the proportion of products to be refurbished, the problem is decomposed into Let product classes H be the set of job classes with higher priority than ( ) r l, and L be the set of job classes with lower priority than ( ) ≤ 1, while jobs in other classes will have value either zero or one. For example, let η = 2, θ = 3 and mean "has higher priority than". Products with different types and grades are sorted according to their time and cost to refurbish as follows: ( )
. We now have six sub-problems. The (sub) optimal solutions from each of these sub-problems are compared to find the overall optimal solution that maximizes the total profit.
For the grade-type priority problem, let 
where ε i , i = 1, 3, 4, 5, are some small positive constants. Constraints (1) and (2) arise from the demand function to guarantee the nonnegativity of demand for new and refurbished products.
Inequalities (3) to (6) We set γ > 0 to assure that when the manufacturer sets the price of refurbished products to the point that their demand occurs, there are some refurbished products to supply those demands. To guarantee the convexity of constraint (7), γ is set to a value less than δ (see proof in Appendix 1 of Vorasayan and Ryan, 2006) . Constraints (8) and (9) are bounds on the probability
Constraints (5) and (6) In line with , we assume that the time to evaluate returned products is short enough that the manufacturer should have ample capacity to handle all returned products; therefore, we will discard constraint (4). We also assume that the refurbishing site has enough capacity to process the maximum possible rate of incoming returned products, i.e., 4
, which implies that (5) is less restrictive than (2). It can be shown in turn that (6) renders (2) redundant while (7) is more restrictive than (1). The effect of new product manufacturing capacity has been studied in Vorasayan and Ryan (2006) . In this paper, we further assume that sufficient manufacturing capacity for new products exists to render (3) insignificant. Therefore the feasible region is defined by (6), (7), (8) and (9). The feasible region is convex only if products can be refurbished and returned infinitely many times. On the other hand, when ∞ < η , the feasible region is non-convex (Vorasayan , 2006) .
Because the total profit is not pseudoconcave over the entire feasible region, there may be multiple local optima. From the Karush-Kuhn-Tucker (KKT) optimality conditions (Vorasayan, 2006) , we found that each sub-problem contains two local optima. The first local optimum is at the point where The global optimum for each ( ) r l, is found by comparing two locally optimal points.
Numerical Results
We perform numerical experiments to explore the following questions: 1) How are the total profit and optimal solutions affected by different amounts of variability in the service times? 2) How much improvement can be obtained by sorting and prioritizing returned products for refurbishing? 3) How sensitive are the results to assumptions about the number of times a product can be refurbished? Vorasayan and Ryan (2006) analyze the optimal price and quantity of refurbished products in several scenarios by using open queueing networks with exponentially distributed service times. The model is a Jackson queueing network in which scv's of all stations equal one.
Effect of Service Time Variability
In reality, previous studies have found that the scv of a new product assembly line is in the range of 0 to 1 while the scv of a remanufacturing line ranges from 0.5 to 2 (Ketzenberg and Souza, 2003) . Moreover, because the time products spend in consumers' hands is limited by the allowed return period, the exponential distribution, with no finite upper limit, is not a good representation of it. Nevertheless, the exponential distribution can well represent the interarrival time of demands at station 1 that are mutually independent. Also in this paper, the service time at station 5 also remains exponentially distributed to preserve the memoryless property that enables the assumption that times between demand arrivals are independent of the availability of refurbished products.
To focus solely on the effect of service time variability, we assume job grades and types are aggregated so that the flow rates are exactly the same as in the Jackson network model, the service protocols are FCFS for all stations, and we do not limit the maximum number of times products can be refurbished, i.e., By varying the scv of service time in each station, the effects of variability of stations 1 to 4 on total profit and the decision variables are summarized in Table 2 compensate for the higher number of returns waiting to be refurbished otherwise. The variability at station 2 has no effect on the optimal solution for two reasons: 1) there is no inventory cost at station 2 and 2) the variability at station 2 with infinite servers does not affect the variability of arrival times to other stations, i.e., as Station 2 no effect no effect no effect no effect Station 3 neg. no effect pos. neg.
Station 4 neg. neg. pos. neg.
Priority for Sorted Returned Products
Now suppose that the manufacturer considers the grades of returned products in the refurbishment decision. Assume returned products are evaluated and sorted into three grades.
Since returned products are refurbished to the same quality level, δ , regardless of the number of times they have been refurbished, we assume that the refurbishing cost and selling price of dismantled products are uniform over all types but not grades. The holding cost and cost of dismantling products, however, are assumed to be uniform over both grades and types.
Additional parameters are θ = 3, • , r = 1,…, θ . Products with the same grade have the same priority independent of their types; i.e., independent of their return histories. For example, if η = 2, θ = 3, then class ( ) ( ) ( ) ( ) ( ) ( )
We first compared the performance of two service protocols at station 4: 1) FCFS and 2) Shortest Expected Processing Time (SEPT) with priorities assigned to grades 1, 2 and 3 respectively according to their expected processing times. The results showed that SEPT achieved a slightly higher total profit than FCFS because of the lower inventory cost due to fewer jobs in the queue at station 4. Because SEPT yielded the higher total profit, from this point we use only SEPT to perform the rest of experiments.
We optimized the objective function at fixed quality levels, δ , from 0.8 to 0.95. The perceived quality of refurbished products is one of the key factors that affect profitability and the optimal proportion of returned products to be refurbished (Vorasayan and Ryan, 2006) . The results show that sorting products is an option to improve total profit (see Figure 2) . Figure 2c shows differences in the optimal quantity of refurbished products. When sorted by grade, it is more profitable to refurbish all returned products with grade 1 at the perceived quality of 0.82 while in the unsorted case it is not profitable until the quality reaches 0.86. In contrast, grade 3 products will be refurbished only when quality is at least 0.95, in contrast to refurbishing all returned products when the quality is 0.90 in the unsorted case. The optimal price of refurbished products changes with the quantity; at the same quality, the price is lower when quantity is higher as in Figures 2b and 2c . Figure 2a shows the higher total profit when products are sorted.
However, the evaluation does not affect the total profit when either none or all returns refurbished. At quality levels of 0.89 to 0.94 in Figures 2a and 2c , it is interesting to see that the higher quantity of refurbished products does not necessary result in higher total profit. The optimal proportion of returned products to refurbish also depends on their grades. When some of the returned products are refurbished, sorted returned products consist of better grade products compared with unsorted in the same quantity. The better mix of grades helps the manufacturer refurbish products with less cost and variability in the refurbishing time. The result is higher total profit as shown in Figure 3 . For example, if 40% of returned products are refurbished then, when sorted, only grade 1 products will be refurbished. When they are unsorted, the products to be refurbished consist of 40% grade 1, 40% grade 2 and 20% grade 3 returns. 
Repeatability of Refurbishment
In this section, we study the change in the optimal solution when the number of times products can be refurbished is varied. The parameter η is assigned values of 1, 2 and ∞. As in the previous section, grades are independent and identically distributed for each return.
Subsequently, refurbishing cost and price of dismantled products are uniform over all types but grades. Other parameters are the same as in the previous section. With these parameters, priority on grade and priority on both grade and type yield the same results. Therefore, the results in this section are obtained from prioritizing solely on grade.
As expected, increasing η has a positive effect on total profit when the optimal quantity of refurbished products is positive (Figure 4a ). The effect is more pronounced when more returns are refurbished as δ increases. As for the decision variables, there is no difference in the optimal price and quantity of refurbished products from δ = 0.8 to 0.81 since none of returned products are sent to be refurbished. Recall that 34 p is the proportion of returned products that are p is higher at η = 1 than at η = 2, the quantity of refurbished products is in fact less.
In summary, increasing the number of times products can be refurbished yields a higher total profit. However, the manufacturer should be aware of the additional cost of manufacturing and refurbishing products to be able to refurbish more than once, and of the probability that products will be returned after purchase. A low value of cr p will lower the amount of refurbishable products cycling in the network which results in smaller improvement of total profit when η increases. The price of refurbished products is optimally placed to match the quantity of refurbished products ( 4 λ ) but not the proportion of returned products to be refurbished ) ( 34 p , i.e., ref P increases when 4 λ decreases and vice versa. 
Conclusion and Future Research
The results of this research can help OEMs identify the optimal price and quantity of refurbished products. To find the best policy, there are several factors to consider: the perceived quality of refurbished products, variability in the service times, and the number of times products can be repeatedly refurbished. The general queueing model efficiently captures the closed-loop supply chain and allows us to see the benefit of sorting and prioritizing returned products according to grades and the effects of these efforts on the total profit and optimal decisions. The general queueing network model also allows accurate representations of the variability of the processing time and tracking of return histories to analyze their effects.
From the numerical results, the variability in manufacturing and refurbishing cause backorder and inventory costs that affect the optimal solution in opposite ways. Furthermore, when returned products come with distinct grades, evaluating and sorting products reduces the cost and time for refurbishing. These savings are significant when the manufacturer refurbishes only some of returns. Implementing the SEPT service protocol can also reduce inventory cost at the refurbishing stations as opposed to the FCFS service protocol. The maximum number of times products can be refurbished is another important attribute whose increase will improve total profit when refurbishing is profitable.
We believe the application of our model is not limited to only the electronic industry, but can be applied in a variety of industries where products are manufactured to order and refurbished to stock. As observed by Plambeck and Ward (2005) , many companies such as General Electric, American Standard, BMW, and Toyota are moving toward the make-to-order approach. Moreover, automotive industries such as Honda, BMW and Toyota are already selling their certified pre-owned vehicles online.
Although the results show that repeatability of refurbishment yields higher profit, the manufacturer might need to invest additional cost in manufacturing and designing more durable products to be able to refurbish more than once. In this research, we disregard the relationship between grades and return histories. In fact, returned products from first time usage should have better grade distributions than those that have been refurbished several times. In the case where the proportions of grades depend on the return histories, the optimal number times products can be refurbished could be the subject of further study.
In our queueing system, facilities for producing new and refurbished products operate independently. Realistically, OEMs might use the same facility and manpower to process both products. The steady state assumption in this paper is applicable only during the interval of time when the market size is constant. The model might not be suitable for the beginning or the end of the product life cycle where demand and market size changes rapidly. It can be improved by assigning parameters such as market size, price and cost as functions of time.
